A century old methodology for deriving statistical distribution using approximate Stirling's formulation of the factorial becomes questionable. By avoiding the use of exaggerated approximations, a new picture of the energy distribution of fermions and bosons are presented. Energy distribution among fermions (or bosons) in systems with finite degeneracy are found to be degeneracy dependent. The presented point of view explains, successfully, presence of degeneracy pressure in ultra-cooled Fermi gas and predicts the minimum accessible temperature for finite degeneracy fermions system.
Introduction
Energy distribution among limited number of particles with finite degeneracy was a confusing issue when dealing with nuclear reaction/interaction. It is of the interest in pre-equilibrium reaction [1, 2] in which low degeneracy states are occupied by finite number of excitons that exist together for very short time compared to the total reaction time; very long as compared to the nucleonnucleon interaction time. As a matter of quantum nature of physical system, non-degenerate and low degeneracy systems are considered finite; which means that systems from nuclei to nanoparticle are finite and their properties may be comparable. Credibility in the formulations for the asymptotic Maxwell-Boltzmann (MB), Fermi-Dirac (FD) and Bose-Einstein (BE) distribution functions guided the physicists through a century to great findings. However, modern science needs more precise expressions for these distributions [3] [4] [5] [6] . In general, the current statistical description of the physical ensemble needs adjustment in order to follow proper justification of the definition of number and equivalence (or even non-equivalence) of a priori probabilities. One way to attain such objective is to avoid approximation. In the present work, more precise methodology is used to avoid usage of Stirling's approximation that is used to derive the asymptotic MB, FD, and BE formulae.
Formulation

Dilemma of the Factorial
The explicit expression of the factorial function n! for integer value of n is given as;
This summation is valid for any integer value of . For other non-integer values of n, function represents monotonic interpolation of the factorial function. The asymptotic behavior of the function with continues argument, x, is expected to follow the Stirling's approximation;
This formula fails to give acceptable representation for the range in which the argument x is small. Several other formulae are proposed [7] [8] [9] [10] which works well as the argument approach small values. Acceptable approximation of the  function is given as [10] 
0.5ln 2π 1 12 1 . 
According to Boltzmann-Gibbs formalism for entropy;
Using exact formula 1, maximization of entropy require the differentials , 
to be zero. Here, the superscripts b and f refer to bosons and fermions, respectively. The constraint of total number of particles and total energy is used to adjust the Lagrange multipliers  and  (see [7] for details.) So, ln .
One directly reaches to the following result
for bosons, and
for fermions. Each of these summations represents a harmonic-number function of the form
Hence, Equations (7) and (8) are reduced to:
To get values of (12) and (13) are reformulated using our intention of the harmonic-number function of being approximated to a sequence including logarithmic term [13] ;
Here  is the energy of a state i,
and 
Results and Discussion
near functions of Equations (15) and (16) are nonli j n hical and are difficult to be solved analytically and grap r istribution is extending very low energy without limit. Contradiction that may technique is used instead; the resultant distribution fo fermions and bosons are given in Figure 1. 
Case of Fermions
It is known that the formal FD d to appear in the present fermions-distribution may be confusing. According to the results given in Figure 1(a) , the fermions-distribution (as I shall call) is degeneracy dependent. In this fermions-distribution, there are bounds for the particle energy. Let us assign the high energy bound at Table 1 together w associated 1-dimensional temper n the unit of Fermi temperature.
Let us recall experiments of evaporative cooling of diluted fermions gas. The cooli ith its ature i ng process is usually medi on-degenerate (g i = 1) and low degeneracy Fermi gas. Here ated by bosons gas (sympathetic cooling cf. [21] .) In such experiments, introduction of Zeeman splitting by b. The degeneracy pressure prevents cooling of the fermion gas to temperature less than certain value, say T  in present case. Two main techniques had been used to determine the temperature; the first is the optical density for specific wavelengths absorbed through the gas cloud [15] [16] [17] [18] which measure the one-dimensional kinetic energy, 2 kT   . The second technique uses spatial dimension of the cloud shadows [19, 20] which measure the two-dimensional kinetic energy, kT  
. The high magnetic field ensures the non-degeneracy of these states, i.e. 1 i g  . According to my results, the lowest temperature for non-degenerate Fermi gas should be 3 F T in one-dimensions which is equivalent to 2 F T in two dimensions. These result are exactly the minimum temperature ever reached until now for non-degenerate Fermi gas, see Table 1 for comparison with experimental results.
Case of Bosons
Similar degeneracy effect is apparent for the bosonsistribution (as I shall call) as shown in Figure 1(b) . At sons-distribution coincide with perimental evidence for the abd very low energy, the bo he BE-distribution. Ex t sence of low energy bound is observed during synpathetic cooling of fermions and bosons mixture. Truscott et al. [20] give definite evidence that continues to cool down. There is a certain high-energy limit for the bosons-distribution (no-solution could be found for Equations (15) and (16) 
for fermions and bosons, respectively. Here, .
The asterisk indicates that the variables are derived using approximation 3. The limits increases, e of   increases. Hence, highly nerate Fermi system follow FD distribution.
Conclusions
The applicability of the formal FD and BE statistical distributions become questionable in finite sys small degeneracy in spite of its success in describing ore precis but onsidered, there is a minimum temperature limit that the ach upon, without violation of Pauli xclusion Principle.
dege should tems of common physical system. M e quantum distriion functions need to be used if the degeneracy of the state of the system is low. If a system of fermions gas is c system cannot encro E
